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We study the conductance fluctuation in topological semimetals. Through statistic distribution
of energy levels of topological semimetals, we determine the dominant parameters of universal con-
ductance fluctuation (UCF), i.e., the number of uncorrelated bands k, the level degeneracy s, and
the symmetry parameter β. These parameters allow us to predict the zero-temperature intrinsic
UCF of topological semimetals by the Altshuler-Lee-Stone theory. Then, we obtain numerically
the conductance fluctuations for topological semimetals of quasi-1D geometry. We find that for
Dirac/Weyl semimetals, the theoretical prediction coincides with the numerical results. However, a
non-universal conductance fluctuation behavior is found for topological nodal line semimetals, i.e.,
the conductance fluctuation amplitude increases with the enlargement of SOC strength. We find
that such unexpected parameter-dependent phenomena of conductance fluctuation are related to
Fermi surface shape of 3D topological semimetals. These results will help us to understand the
existing and future experimental results of UCF in 3D topological semimetals.
I. INTRODUCTION
Three-dimensional topological semimetals, including
topological nodal point semimetals and topological nodal
line semimetals, etc, are the celebrated paradigm of topo-
logical states1. The Dirac/Weyl semimetals are examples
of topological nodal point semimetals, which are char-
acterized by the existence of linear touching nodes be-
tween conduction and valance bands in the bulk momen-
tum space and Fermi-arc states on the surface. In com-
parison, for topological nodal line semimetals, conduc-
tion and valance cross at closed lines instead of discrete
points2–5. Following the theoretical proposals of topo-
logical semimetals in recent years6–11, these novel mate-
rials have soon been experimentally realized12–15. Due
to the unique band structure, topological semimetals ex-
hibit a number of exotic transport properties, e.g. neg-
ative magnetoresistance induced by chiral anomaly16–18,
high mobilities19,20, electric-optic phenomena21,22, which
have been extensively explored. In addition to the quan-
tum correction to conductance, the statistical properties
of conductance in topological semimetals, e.g., the con-
ductance fluctuation has also generated great interest. In
particular, in the conductance fluctuation experiment of
3D Dirac semimetal Cd3As2, a
1
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√
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suppression of con-
ductance fluctuation in response to magnetic field has
been reported23.
Conductance fluctuation reflects the interference
among different trajectories of electrons traversing in-
side the metal. According to the universal conductance
fluctuation(UCF) theory24–26, for an ensemble of diffu-
sive metals, their zero temperature conductances follow
a gaussian distribution with a fixed width ∆G, which is
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a universal value of order e2/h, determined only by two
factors: (1) the symmetry and (2) the dimension of the
system. As long as the diffusion condition (i.e., size L
of the metal is much larger than the mean-free path l
and much smaller than the localization length ξ) is satis-
fied, ∆G is independent of other system details, such as
the disorder strength W , the Fermi energy EF , and the
conductance G itself.
The first factor that influences the conductance fluc-
tuation is symmetry. According to the random matrix
theory(RMT), there exist three types of classical ensem-
bles: (1) the orthogonal ensemble, characterized by sym-
metry index β = 1 when both the time-reversal and spin-
rotation symmetries are present; (2) the unitary ensem-
ble β = 2 if time-reversal symmetry is broken; and (3)
symplectic ensemble β = 4 if the spin-rotation symme-
try is broken while time-reversal symmetry is preserved.
The UCF amplitude for an isotropic rectangular material
with transversal length Lx, Ly and longitudinal length Lz
is
∆G = cd
√
ks2
β
, (1)
in the unit of e
2
h , where cd is a dimension-dependent con-
stant which we will address later, k is the number of
independent energy bands involved in conduction, and s
is the symmetry-protected energy level degeneracy which
is not removed by the random Hamiltonian26.
Spatial dimension of the sample is the second deter-
ministic factor of the conductance fluctuation amplitude.
The coefficient cd in Eq.(1) depends on the relative ra-
tio between the lengths of the sample along three direc-
tions, i.e., on the normalized lengths νx = Lz/Lx and
νy = Lz/Ly, rather than the absolute lengths Lx,y,z.
Fig.1 shows the relation between ∆G versus size ratio
ν = Lz/Lx = Lz/Ly, which is calculated from Eq.(2.8) in
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FIG. 1. ∆G versus ν = Lz/Lx = Lz/Ly with open bound-
ary conditions. ν = 1/3, 2/5, 1/2, 2/3, 1, 2, 3, 5, 50 from left to
right.
Ref.[24]. ∆G quickly converges to 1D value as ν > 5. In
the literature, a quasi-1D material means νx = νy ∼ ∞,
quasi-2D corresponds to one of νx,y is unity while the
other diverges, and 3D material is of cube shape with
νx,y = 1. Here cd = 0.365, 0.43, 0.55 for dimension
d = 1, 2, 3, respectively. If periodic boundary condi-
tion(PBC) is applied along Lx(Ly) direction, c2,3 de-
creases by an amount because of removal of diffusion
modes that can not exist under the PBC27,28, while c1 re-
mains unchanged since in quasi-1D geometry, transversal
diffusion modes do not contribute to conductance fluctu-
ation with either open or periodic boundary condition.
In the study of topological insulators, the above prop-
erties of conductance fluctuation have been utilized to
distinguish surface/bulk states transport in Bi2Te2Se
microflakes29, to manifest the edge-bulk states mixing
in 2D HgTe quantum well30 and surface helical states
mixing in 3D Bi2Se3
31, and to indicate various transi-
tions between symmetry ensembles in quasi-1D Kane-
Mele system32. In 2D topological semimetal, graphene,
the intrinsic conductance fluctuation has been investi-
gated both analytically33,34 and numerically35,36. In ad-
dition to spin degeneracy, survival of valley degeneracy
under long-range disorder in graphene near the linear-
dispersion point doubles the conductance fluctuation am-
plitude, which has been experimentally confirmed37.
Unlike 2D graphene, there are no sublattice in 3D topo-
logical semimetals. However, the Fermion doubling the-
ory requires Dirac points appear in pairs, it is thus tempt-
ing to ask whether or not valley degeneracy still hold
in 3D topological semimetals when considering its con-
ductance fluctuations? Also, though edge states in 2D
graphene are spatially separate and do not contribute to
conductance fluctuation in weak disorder, surface states
in 3D topological semimetals will experience scattering
due to impurity and hence contribute to conductance
fluctuation38–40. The existing theory for conductance
fluctuation in 2D Dirac materials like graphene should
be theoretically reexamined before applying to the 3D
topological semimetals.
On the experimental side, nice data of finite-
temperature conductance fluctuation of Cd3As2 at Fermi
energy EF both close to and away from the Dirac node,
has been reported23. However, the complexity of the ma-
terial, e.g., the existence of spin-orbit coupling (SOC)
among multiple orbits, poses great challenges to the sub-
sequent analysis of the experimental data. Besides, be-
cause of decoherence due to finite temperature and in-
homogeneous vacancies in transport41, there is still no
experimental work on the intrinsic conductance fluctu-
ation in 3D topological semimetals yet. Therefore, in
order to provide a thorough understanding of the previ-
ous and future experiments, and to study the effects of
SOC as well as to check the validity of existing theory,
it is important to investigate the intrinsic conductance
fluctuation of 3D topological semimetals.
In this article, we numerically study the universal con-
ductance fluctuation in the presence of short-range dis-
order in 3D topological materials. We consider UCF for
Fermi energy both close and away from nodal point, as
well as the influence of magnetic field and SOC strength.
The UCF value consistent with random matrix theory is
confirmed for Dirac/Weyl semimetals in a large range of
parameters. However, for nodal line semimetals, an unex-
pected parameter-dependent behaviour of UCF emerges,
i.e., the conductance fluctuation increases with an in-
crease of SOC strength. Furthermore, we find that in
addition to symmetry and dimension, the shape of the
Fermi surface also has deterministic influence on UCF.
The parameter-dependent UCF can be well explained by
the SOC dependence of the Fermi surface shape of 3D
topological semimetals.
This paper proceeds as follows: we firstly describe the
model and method in section II. The nearest neighbour-
distribution of energy levels is calculated to classify the
symmetry of the Hamiltonian in section III. The nu-
merical results of conductance fluctuation in Dirac/Weyl
semimetals are presented in section IV. The unusual non-
universal conductance fluctuation for nodal line semimet-
als is discussed in section V followed by a brief conclusion
in section VI.
II. MODEL AND METHOD
Our numerical procedure closely follows Ref.[42]. We
consider a topological semimetal placed in region 0 <
z < Lz with transverse size Lx × Ly, described by the
Hamiltonian:
H = H0 + U(r), (2)
where U(r) is a random potential uniformly distributed
on [−W,W ], and H0 is the clean topological semimetal
3Hamiltonian described by1,43
H0(k) =

M(k) Ak+ + iBkz Dk− 0
Ak− − iBkz −M(k) 0 0
Dk+ 0 M(k) −Ak− + iBkz
0 0 −Ak+ − iBkz −M(k)

 ,
(3)
whereM(k) =M0−Mzk2z−Mxk2x−Myk2y, k± = kx±iky.
A and B are the strength of SOC coupling inverted bands
±M(k), while D is the SOC strength coupling twoM(k)
orbits. Throughout the paper, we fix M0 = −0.4,Mz =
Mx = My = −0.5 and we consider UCF for Dirac/Weyl
semimetal(B = 0) and nodal line semimetal(B 6= 0 and
A = D = 0), respectively1. The topological semimetal is
connected to two infinite ideal leads at z < 0 and z > Lz,
which is also modeled by the clean Hamiltonian H0.
We discretize H on a cubic lattice, and the externally
applied magnetic filed ~B can be considered through two
effects. The first effect is the Zeeman term
HZeeman =

mz 0 mx − imy 0
0 mz 0 mx − imy
mx + imy 0 −mz 0
0 mx + imy 0 −mz

 ,(4)
where the direction of ~m is parallel to ~B and its mag-
nitude is proportional to | ~B|. The other effect is the
modification of hopping phase, e.g., for magnetic field
applied along z direction, tx → txeiφ, where φ measures
the magnetic flux through a unit lattice square.
We numerically compute the zero-temperature con-
ductance using the Landauer-Bu¨ttiker formula44 G =
e2
h Tr[ΓLG
rΓRG
a], where Gr(EF ) = [G
a(EF )]
† = [EF −
Hcen−ΣL−ΣR]−1 is the retarded Green’s function, Hcen
is the central region Hamiltonian, ΓL/R = i[Σ
r
L/R−ΣaL/R]
is the line width function, ΣL/R is the self-energy of the
left/right lead. The conductance fluctuation ∆G is cal-
culated as the standard deviation of conductance G for
an ensemble of disorder, ∆G = 〈(G − G)2〉 12 , averaged
over at least 400 ensembles.
III. SYMMETRY ANALYSIS FOR
DIRAC/WEYL SEMIMETALS
According to the UCF theory Eq.(1), in order to the-
oretically predict the amplitude of conductance fluctua-
tion, the indices k, s and β must be determined . We first
count these symmetry indices directly by computing the
energy level statistics45. For disordered material of size
Lx = Ly = Lz = L, we obtain the 4L
3 eigenvalues sorted
in descending order Ei(i = 1, 2, . . . , 4L
3) by exact diago-
nalization of H , and calculate the nearest neighbour dis-
tance Si = Ei−Ei+1(i = 1, 2, . . . , 4L3−1). The probabil-
ity distribution of S is defined as P (S) = 〈∑i δ(S−Si)〉,
where the symmetry-protected degeneracy Si = 0 is ne-
glected in the summation. Because of energy repulsion
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FIG. 2. Nearest neighbour energy level distance distribution
P (S) for different symmetry classes of Hamiltonian H , Lx =
Ly = Lz = 10, A = 0.5, Fermi energy EF = 0, W = 7,
averaged over 1000 ensembles. (a) D = 0, mz = 0. (b) D = 1,
mz = 0. (c) D = 0, mz = 0.01. (d) D = 1, mz = 0.01. The
solid green (red, orange) line represents the Wigner surmise
of an orthogonal (unitary, symplectic) ensemble and blue line
represents Poisson distribution, respectively.
in the metallic region, the Wigner surmise of probability
distribution P (S) of nearest neighbour distance S reads,
Pβ(S) = aβ(
S
∆)
βe−bβ(
S
∆
)2 , where β = 1, 2, 4, ∆ is the av-
erage level distance of all Si under consideration, aβ and
bβ are β and ∆ dependent constants that are given in
Ref.[45].
In order to be consistent with recent experiments in
Dirac semimetals23, we will firstly set B = 0. We now
consider the symmetry transition of the system driven by
external magnetic field and SOC strength D. The mag-
netic field is considered through Zeeman energy mz. It is
numerically confirmed that both Zeeman energy added
along x/y direction and magnetic field entered through
addition of hopping phase influences the symmetry tran-
sition of the system in the same way, i.e., by breaking of
time-reversal symmetry.
For D = 0 and in the absence of a magnetic field,
we find an exact s = 2 degeneracy from level statistics.
This is because, though the upper block and lower blocks
(which we refer to as H↑ and H↓ respectively in the fol-
lowing) decouple in this case, they are still related by
time-reversal symmetry, H↑ = T−1H↓T , therefore giv-
ing an exact copy of energy levels (Kramer counterpart).
Furthermore, by comparing with the fitting curves of dif-
ferent symmetries, it is clear that P (S) at E = 0 co-
incides well with P2(S) [see Fig. 2(a)], with subscript
β = 2 indicating a unitary ensemble. Thus we find both
H↑ and H↓ belong to unitary ensemble with indices k =
1, β = 2, s = 1. Since they are degenerate counterparts,
the corresponding indices for H are k = 1, β = 2, s = 2.
We note that the unitary limit has already been reached
for our sample size Lx = Ly = Lz = 10, which is studied
4in the above computation. With the same method, we
also determine k, s and β for the following cases.
When SOC strength D is turned on, the two blocks
merge and the system manifests symplectic statistics
with k = 1, β = 4, s = 2 [see Fig. 2(b)]. When mag-
netic field further comes into play by adding a Zeeman
energy mz = 0.01, time reversal symmetry is broken and
we find the system is unitary with β = 2 [see Fig. 2(d)].
When D is set to zero and Zeeman term holds, distri-
bution of P (S) does not satisfy any ensemble fitting [see
Fig. 2(c)]. The system is still unitary but the upper and
lower blocks contribute independently to the energy lev-
els of H , leading to suppression of energy level repulsion.
This is witnessed through the peak around S = 0 in P (S)
[see Fig. 2(c)], in contrast to the vanishing P (S) at S = 0
as a result of avoided level crossing [see Fig. 2(a,b,d)].
If we focus only on P (S) of either H↑ or H↑, as shown
in the inset of Fig. 2(c), indices k = 2, β = 2, s = 1 are
clearly confirmed.
The nearest neighbour distribution for long-range dis-
order is also investigated, and the previous conclusions
still hold. Also, P (S) for energy far away from nodal
point gives the same symmetry indices. Thus we con-
clude that the valley degeneracy need not be considered
in 3D topological semimetals. Furthermore, the symme-
try class of 3D topological semimetals is independent of
either energy or disorder type.
IV. CONDUCTANCE FLUCTUATION IN
DIRAC/WEYL SEMIEMTALS
It is predicted that the zero temperature conductance
fluctuation only depends on the relative ratios between
lengths along three directions Lx, Ly, Lz of the material
with a given symmetry24. Our numerical calculation
shows that if transverse lengths is small, for example,
Lx = 5, Ly = 5, Lz = 500, the conductance fluctua-
tions will have a strong fermi surface dependence and
the statistics of energy levels P (S) will deviate from the
anticipated Wigner-Dyson surmise. This means the er-
godicity hypothesis is not satisfied in small systems. Only
for large enough transverse dimensions (i.e., Lx, Ly > 8)
can one get rid of the finite size effect. For a dimension
of Lx = 10, Ly = 20, Lz = 100, the conductance fluctua-
tion ∆G versus disorder strength W is calculated and is
shown below under various parameters of mz and D.
When D is set to zero and φ = 0 [see Fig. 3(a)],
∆G consists of the same contribution from time rever-
sal pairs of the upper and lower blocks of H↑ and H↓.
With the onset of disorder, the conductance fluctuation
increases from zero and then forms a plateau. Before
formation of the plateau (W < 3), the material is in bal-
listic transport region where conductance fluctuation has
no universal value (i.e., disorder depedent). For disorder
strength within 3 < W < 8, conductance fluctuation is
around 0.48 ∼ 0.57, showing very weak disorder strength
dependence, which is a signature predicted by Altshuler-
Lee-Stone theory in diffusive metals and has been used
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FIG. 3. Evolution of UCF with symmetry parameters, Lx =
10, Ly = 20, Lz = 100, A = 1, EF = 0.01. (a) ∆G versus W ,
in the condition of D = 0, φ = 0 ∼ 0.1pi. (b) ∆G versus W ,
in the condition of D = 3, φ = 0 ∼ 0.1pi. The same legend in
(a) applies to (b). (c) UCF for D = 0 ∼ 4, mz = 10−6 ∼ 1.
Horizontal lines in panels (a), (b) and (c) from up to down
correspond to ∆G = c1/
√
2, 2, 2
√
2 = 0.516, 0.365, 0.258. (d)
Localization length ξ versus disorder strength W , calculated
by transfer matrix method with Lx = 10, Ly = 20 and pe-
riodic boundary conditions are applied along each transverse
dimension.
to numerically identify the region for universal conduc-
tance fluctuation. Plugging k = 1, β = 2, s = 2 ob-
tained from Fig. 2(a) into Eq.(1), we have the expected
∆G = 0.365
√
1×22
2 = 0.516, which coincides with the
plateau value. Here ∆G = 0.516 doubles the conduc-
tance fluctuation ofH↑ orH↓, both of which belong to the
1D unitary metal case with ∆G = 0.258. We emphasize
that index k 6= 2 since H↑ and H↓ are strongly correlated
rather than independent of each other, and the double
in conductance fluctuation comes purely from the energy
level degeneracy protected by time reversal symmetry.
By further increasing disorder strength, the material be-
comes Anderson insulator with vanishing conductance as
well as vanishing fluctuation. In comparison, when D is
zero while φ is greater than a certain threshold value φc
[see Fig. 3(a)], time-reversal symmetry is fully broken.
The Kramer degeneracy is lifted, and H↑/↓ contribute in-
dependently to ∆G. The UCF decreases to ∆G ∼ 0.365,
consistent with Eq.(1) for indices k = 2, β = 2, s = 1 [see
Fig. 2(c)].
The result for strong SOC strength D = 3 is shown in
Fig. 3(b). Without magnetic field, the system has con-
ductance fluctuation ∆G ∼ 0.365 between W = 2 and
W = 5, consistent with symmetry indices k = 1, β =
4, s = 2 for quasi-1D transport [see Fig. 2(b)]. A sec-
ond conductance fluctuation plateau [see Fig. 3(b)] ap-
pears between W = 8 and W = 10, which is beyond the
Altshuler-Lee-Stone theory. Similar second-plateau be-
5haviour has been reported in Refs. [27 and 46], where
the authors find the occurrence of this second plateau
is related to metal-insulator transition in 2D unitary
(β = 2) and symplectic (β = 4) systems. Adopting trans-
fer matrix method47, we calculate the localization length
ξ along z direction. It is found that at disorder strength
W = 9.5 where peak of the second plateau is located,
ξ = 99.01 coincides with the longitudinal length Lz = 100
of the sample [see Fig. 3(d)]. The same property is
reported in Ref.[46]. We confirm the existence of such
second fluctuation plateau in 3D topological semimetal
system for large D.
Another feature is the anomalously large conductance
fluctuation at small disorder strength (W < 1) [see Fig.
3(b)]. Similar behaviour is also observed in the numerical
calculation of single-layered graphene, when long-range
disorder is introduced35. However, the conductance fluc-
tuation anomaly therein disappears for short-range dis-
order, which is different from the results in our case. Be-
sides, the results in graphene is explained as a finite-size
effect according to a careful numerical examination36. A
possible explanation for this large conductance fluctua-
tion phenomena is that, the system is still in ballistic
transport region. Thus, the diffusion condition for the
validity of UCF theory l < Lx,y,z is not satisfied, where
the mean free path l is typically large for Dirac/Weyl
fermions.
In the presence of a very weak magnetic field, φ = 0 to
φ = 10−4π, the above results remain unchanged [see lines
in Fig. 3(b)]. When the magnetic field increases beyond
a certain threshold φc, UCF value finally suppresses by a
factor of
√
2 (decrease from the middle horizontal line to
the bottom horizontal line), with new symmetry indices
k = 1, β = 2, s = 1 due to lifting of Kramer degeneracy.
Moreover, the second conductance fluctuation plateau for
β = 2 is less stressed than that in the β = 4 case, which
is similar to 2D normal metals46.
The evolution of universal conductance fluctuation ∆G
with respect to magnetic field mz and SOC strength D
is shown in Fig. 3(c). For each choice of D and mz, we
plot ∆G versus W as we do in Fig. 3(a) and (b), to de-
termine UCF amplitude. For small D (i.e., D = 0, 0.01)
and mz (i.e., mz < 10
−4), the highest plateau in Fig.
3(c) corresponds to unitary ensemble with symmetry in-
dices k = 1, β = 2, s = 2. The conductance plateau
decreases by a factor of 1√
2
with increasing Zeeman en-
ergy mz, and the system is in new symmetry class with
indices k = 2, β = 2, s = 1. For large D = 2, 4, the
conductance fluctuation plateau emerges with symmetry
indices k = 1, β = 4, s = 2 at weak mz. The height of
the plateau also decreases by a factor of 1√
2
with increas-
ing Zeeman energy mz. The new symmetry indices are,
however, k = 1, β = 2, s = 1 in this case. The transi-
tion between different plateaus indicates the transition
between different symmetry classes. To summarize, co-
incidence between the height of these plateaus and the
values predicted by Eq.(1) manifests the applicability of
the random matrix theory to a large range of parameters
in Dirac/Weyl semimetals.
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FIG. 4. (a)(b) ∆G versusW , in the condition of (a) size Lx =
15, Ly = 15, Lz = 100, B = 0, EF = 3, and (b) size Lx =
10, Ly = 10, Lz = 67, (Lx = 15, Ly = 15, Lz = 100, Lx =
20, Ly = 20, Lz = 133), A = 0, EF = 0.5. Larger marker
size corresponds to larger sample size. (c) Nearest neighbour
distribution P (s) under EF = 0.5, W = 7, Lx = Ly = Lz =
10, B = 0.5, B = 6(inset). (d) ∆G versusW , in the condition
of A = B, EF = 0.5 and size Lx = 15, Ly = 15, Lz = 100. In
panels (a),(b) and (d), horizontal dashed lines correspond to
∆G = 0.729/2, 2
√
2 = 0.365, 0.258 respectively.
V. CONDUCTANCE FLUCTUATION IN
TOPOLOGICAL NODAL LINE SEMIMETALS
In this section, we consider the effect of SOC strength
B on UCF of nodal line semimetals. We find a non-
universalB-dependent conductance fluctuation arises. In
order to demonstrate the result more clearly, we focus on
the minimal topological semimetal Hamiltonian H↑ and
show the numerical results in Fig. 4.
Firstly, the A-dependence of H↑ is examined [see Fig.
4(a)]. For small A, the two inverted bands are decou-
pled. Each band is labelled with orthogonal symmetry
indices k = 1, β = 1, s = 1, and thus each contributes
a conductance fluctuation of amplitude 0.365. However,
when setting EF = 0.5, only the upward-open band is
involved in conduction, therefore ∆G = 0.365. With the
increase of A, the two inverted bands merge and the sys-
tem now belongs to unitary symmetry class with indices
k = 1, β = 2, s = 1, and ∆G = 0.258, decreased by a
factor of 1√
2
.
In the absence of A, ∆G = 0.365 for small B(0.1 <
B < 2), which is similar to the case of small A. How-
ever, with the increase of B (i.e., B > 3) [see Fig. 4(b)],
∆G also increases monotonically, which is contrary to
the deceasing of ∆G with increasing A. Conductance
fluctuation plateau in this case is much larger than the
expected amplitude in quasi-1D geometry. Does this
anomalously large conductance fluctuation result from
finite size effect? We fix the relative ratio between
the lengths along the three dimensions of the material,
6νx = νy = 20/3, and compare the numerical results for
sample size Lx = 10, 15, 20. It is found that ∆G does
not decrease with increasing size, which means this non-
universal fluctuation is not a finite-size effect. Then is
the fluctuation enhancement caused by the change of the
symmetry class? By examining nearest-neighbour energy
level distance distribution P (S) for both small and large
SOC strength B = 0.1, 6 [see Fig. 4(c)], we confirm the
system belongs to orthogonal ensemble, regardless of the
strength of SOC. Therefore we conclude that such con-
ductance fluctuation anomaly does not originate from the
change of symmetry indices, either.
Furthermore, we test the response of the fluctuation
from open to periodic boundary conditions along x and
y directions. For small B, the fluctuation amplitude
is insensitive to boundary conditions, which is a typi-
cal characteristic of quasi-1D material27,28. On the con-
trary, for large B, where ∆G takes non-universal values,
the conductance fluctuation plateau decreases for peri-
odic boundary conditions. It is the typical of 2D and 3D
materials but not for 1D material. This is not consistent
with existing theory since we are clearly using quasi-1D
geometry in our calculation.
The reasons for such inconsistency with existing the-
ory are hidden in the Fermi surface shape in momen-
tum space. To our knowledge, the existing UCF the-
ory considers only isotropic band structure24–26, which is
also true in graphene with the Dirac cone dispersion33–36.
However, if one considers anisotropic band structure, one
will find Fermi surface shape is another factor that plays
a key role in conductance fluctuation, which has long
been neglected in literature. The UCF has a similar de-
pendence on Fermi surface shape in momentum space to
the dependence on dimension size as plotted in Fig. 1.
That is, the larger the ratio of transversal Fermi sur-
face size to longitudinal Fermi surface size, the larger the
conductance fluctuation [see Appendix]. In the topologi-
cal semimetals, SOC not only influences the symmetry of
the material, but also gives rise to anisotropy in the band
structure. In order to see the effect of SOC on the Fermi
surface, one can rewrite H↑ in the discretized model as:
H↑(k) =M(k)σz + A
a
[sin(kxa)σx − sin(kyb)σy] (5a)
+
B
c
sin(kzc)σy ,
M(k) =M0 − 2Mz
c2
[1− cos(kzc)] (5b)
− 2Mx
a2
[1− cos(kxa)]− 2My
b2
[1− cos(kyb)] ,
where we set a = b = c = 1 in the numerical cal-
culation. For Weyl semimetals (B = 0), the Fermi
surface in momentum space satisfies cos(kz) = [Q1 ±√
EF −A2(sin2(kx) + sin2(ky))]/(−2Mz), with Q1 =
−2Mz − 2Mx − 2My +M0 +2Mx cos(kx) + 2My cos(ky).
For nodal line semimetals (A = 0), the Fermi surface
satisfies cos(kz) = (−2MzQ1 +
√
Q2)/(4M
2
z − B2), with
Q2 = 4M
2
zQ
2
1 − (4M2z −B2)(Q21 +B2 − E2F ).
FIG. 5. Shapes of Fermi surface(upper panel) and the pro-
jections(lower panel) onto ky − kz plane for A = 2, 3, 6,
EF = 3, B = 0. Other parameters are the same as that
used in Fig. 4(a).
FIG. 6. Shapes of Fermi surface(upper panel) and the pro-
jections(lower panel) onto ky − kz plane for B = 2, 3, 6,
EF = 0.5, A = 0. Other parameters are the same as that
used in Fig. 4(b).
The Fermi surface and its corresponding projection
onto ky − kz plane in momentum space for varying SOC
strength in Weyl semimetals and nodal line semimetals
are shown in Fig. 5 and Fig. 6, respectively. With the
increase of A, the EF = 3 Fermi surface is stretched
along the kz direction [see Fig. 5(a)-(c)], which makes
the whole Fermi surface look more like a quasi-1D shape
in momentum space. This is demonstrated more clearly
when the Fermi surfaces are projected onto the ky − kz
plane [see Fig. 5(d)-(f)]. The corresponding UCF un-
der these parameters keep the quasi-1D value [see Fig.
4(a)]. In contrast, with the increase of B, the Fermi sur-
face is compressed along kz direction [see Fig. 6(a)-(f)].
The corresponding UCF further increases with the fur-
ther stretching of Fermi surface [see Fig. 4(b)]. This
is similar to increase of UCF with increasing size ratio
Lx(Ly)/Lz. In comparison, when both longitudinal and
transversal SOC are present, the Fermi surface will suf-
7fer less anisotropy and the UCF plateau will remain the
quasi-1D value as expected [see Fig. 4(d)].
An intuitive understanding of the Fermi surface de-
pendence of UCF is as follows. The various diffusion
modes contribute to UCF by certain functions of their
eigenvalues λnx,ny,nz
24,25, whose form have been gener-
alized to anisotropic systems as Eq.(6) [see Appendix for
detailed definitions]. The key thing to notice is the diffu-
sion time tα =
L2α
Dα
that governs the competition among
diffusion modes along longitudinal and transversal direc-
tions. That is, the smaller the time ratio tz/tx,y (the
time for an electron to diffuse through length Lz over
the time through Lx,y
48), the larger the contribution to
the UCF through summation of nα
24. For example [see
Fig. 6(a)-(f)], when Fermi surface is compressed along kz
for a given EF , the diffusion constant Dz = v
2
zτ =
4E2F τ
~2k2z
increases49. As a result, the electron diffuses a shorter
time tz than tx,y, which enhances the transversal modes
contribution to UCF [see Fig. 4(b)]. Though our numeri-
cal result qualitatively shows that the evolutions of UCF
are consistent with evolutions of Fermi surface shape,
deep understanding of the Fermi surface shape’s influence
on the UCF still needs further study, which is beyond the
scope of this work.
VI. CONCLUSIONS AND DISCUSSIONS
In summary, we have numerically studied the univer-
sal conductance fluctuation in 3D topological semimetals
for both transversal and longitudinal SOC. We find the
UCF plateaus are consistent with the RMT theory in
a large range of parameters, which shows the applica-
bility of UCF theory in Dirac/Weyl semimetals in most
cases. However, a parameter-dependence of conductance
fluctuation is found for nodal line semimetals, which can
not be explained by previous theory. The origin of this
anomaly can be understood as the dependence of Fermi
surface shape on SOC strength. Compared with normal
metals46, where SOC only works on the symmetry of the
material, in topological semimetals, SOC can also tune
UCF by changing the band structure in addition to the
symmetry.
By energy level statistics, we also determine that the
valley degeneracy is irrelevant to the UCF in topological
semimetals. In a recent experiment23, the conductance
fluctuation in Cd3As2 is shown to decay by a factor of
2
√
2 when a magnetic field is applied. But according
to our results for Dirac semimetal, the UCF amplitude
should decay only by a factor of
√
2 [see Fig. 3(a-b)].
Noticing that the authors assume valley degeneracy of
Dirac semimetals in explaining the experimental results.
However, our numerical result shows valley degeneracy
should be lifted in the presence of disorder. We suggest
that the 2
√
2 decay may be caused by other factors, i.e.,
the magnetic field induced gap, the decoherence, etc.,
which still demands further investigation.
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VIII. APPENDIX
We consider UCF for an anisotropic quadratic band
structure caused by anisotropic effective mass, which can
be described by HamiltonianM(k) defined in Eq.(3). For
simplicity, we have neglected the degree of freedom of
both spin and orbit. After discretization of M(k) into
the lattice form, the effective Hamiltonian is M(k), as
defined in Eq.(5b). Near the band bottom, M(k) ap-
proximately readsM(k) ≈M(k) =M0−Mzk2z−Mxk2x−
Myk
2
y.
Throughout this appendix, we fix M0 = −0.4,Mz =
−0.5, while tuneMx =My to test the effect of Fermi sur-
face shape on UCF. We use µ = µx,y =
√|Mx,y/Mz| to
describe the degree of anisotropy in Fermi surface shape.
The influence of Fermi surface shape on UCF amplitude
is shown in Fig. 8. For isotropic spherical Fermi surface
(µ = 1), conductance fluctuation is consistent with 3D
value of ∆G = 0.55 [see Fig. 8(a)]. When µ = 12 < 1, the
Fermi surface is an ellipsoid with principle axis placed
in kx − ky plane in momentum space [see Fig. 7(b)].
With the decreasing of µ, the transversal size (kx/y) of
Fermi surface is even larger than longitudinal (kz) size
in momentum space, and the corresponding conductance
fluctuation also increases [see Fig. 8(a)]. This property
is similar to the enhancement of the UCF by increas-
ing transversal size Lx(y). In contrast, when µ > 1, the
Fermi surface is an ellipsoid stretched along kz direction
[see Fig. 7(d-e)]. With the increase of µ, UCF quickly
decreases to quasi-1D amplitude ∆G = 0.365 [see Fig.
8(a)]. Similarly, with the increasing of longitudinal size
Lz, the decrease of UCF into ∆G = 0.365 is also ex-
pected.
The effect of Fermi surface shape on UCF is summa-
rized and compared with the effect of spatial size in Fig.8
(b). When Fermi surface or spatial size is stretched
transversally(longitudinally), UCF increases(decreases).
The similarity between the dependence of UCF on Fermi
surface shape and spatial size can be understood as fol-
lows. To generalize the previous theory into anisotropic
systems with Hamiltonian M(k), one should substitute
D∇2 in Eq.(A8) with Dx∇2x+Dy∇2y+Dz∇2z in Ref.[24],
where Dα, α = x, y, z, are the anisotropic diffusion
constants. This substitution changes the eigenvalues in
8FIG. 7. Evolution of Fermi surface versus µ, with EF = 0 fixed.
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FIG. 8. (a)Evolution of conductance fluctuation versus dis-
order strength for different choice of µ, other parameters are
EF = 0, Lx = Ly = Lz = 10. (b) Comparison between UCF
amplitude versus Fermi surface anisotropy µ and spatial size
anisotropy ν. The error bars are estimated from ∆G at the
plateau region in (a). The horizontal lines in both (a) and
(b) are ∆G = 0.55, 0.365, corresponding to 3D and quasi-1D
conductance fluctuation respectively.
Eq.(A10) into
λn = τDz(
π
Lz
)2[n2z + n
2
x
Dx
Dz
L2z
L2x
+ n2y
Dy
Dz
L2z
L2y
] (6)
where subscripts nα are integers labeling the eigenvalues,
τ is the scattering rate by impurities. And we have ne-
glected the energy difference ∆E and the inverse inelastic
scattering rate τ−1in since we are considering intrinsic con-
ductance fluctuation. The appearance of coefficients in
Eq.(6)
t2z
t2α
=
DαL
2
z
DzL2α
=
MαL
2
z
MzL2α
= µ2αν
2
α (where we have used
the relation DαDβ =
Mα
Mβ
49 and tα =
L2α
Dα
is the characteris-
tic time for an electron to diffuse through length Lα
48),
indicates that Mα and Lα can change the eigenvalues
λnx,ny,nz equivalently, which next determine the UCF of
the system. Thus one will not be able to determine the
intrinsic conductance fluctuation of a metal merely by its
size and symmetry. The Fermi surface shape information
is also indispensable.
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